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 This paper introduces a new metamorphic parallel mechanism based on a reconfigurable revolute
(rR) joint and the mechanism consists of three rRPS (rR joint-prismatic joint-spherical joint) limbs.
Reconfiguration principle of the rR joint and the rRPS limb is explained, based on which the 3rRPS
metamorphic parallel mechanism can be reconfigurable between two working motion types, pure
rotation (3R)motion and one translation and two rotation (1T2R)motion. Using the limb geometric
constraintmodel, analytical forward kinematics is solved in a unifiedway for bothmotion types. Re-
ciprocal screw based Jacobian is obtained for singularity analysis which is then used for singularity-
free workspace analysis. Based on those, maximum singularity-free workspace and kinematics per-
formance based criteria are applied in optimizing basic mechanism parameters considering input
and passive joint limitations. A unified objective functionwith variable design priorities represented
by function weights of the two topologies is proposed and examples are illustrated. The introduced
new parallel mechanism covers the two very useful motion types, 3R and 1T2R, while the model in
the paper provides basis of modeling and optimal design for further applications.
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1. Introduction

Parallel mechanisms have been successfully applied as tire testmachine [1], industry assembly tools [2], manufacturing center [3],
force transducer [4], rehabilitation platform [5] and robotics surgery instrument [6] due to their high load-carrying capacity, good po-
sitioning accuracy and low inertia [7] stemmed from their multi-loop geometric structures [8]. Due to fast task change with variable
mobility requirements, like rapid customization and diverse environment changing [9], rehabilitation and surgery of different human
joints, parallel mechanismswhich are reconfigurable have attractedmuch interest frommechanism researchers. Based on this, meta-
morphic parallel mechanisms (MPMs) [10], which are a class ofmechanisms that possess adaptability and reconfigurability to change
permanentfinitemobility based on topological structure change, were introduced.Metamorphic parallel mechanisms have all the ad-
vantages of traditional parallel mechanisms [11] but with ability of reconfiguring for mobility change.

In this paper, a new metamorphic parallel mechanism with a reconfigurable revolute joint is proposed. The new mechanism has
the ability of mobility change between 3Rmotion and 1T2Rmotionwhich are the two very useful motions in parallel mechanism ap-
plications and the two widely studied motion types in parallel mechanism research. Novel applications of parallel mechanisms with
3Rmotion include camera orienting devices [12], robotic joints [13,14], robotic surgery platform [15], and human joint rehabilitation
[16]. Parallel mechanisms with 1T2R motion have been applied as flight simulator [17], micro-medical device [18], coordinating–
University of Science, Technology & Research, 127788 Abu Dhabi, United Arab Emirates. Tel.: +971 2 5018558;

).

5

ed kinematics and optimal design of a 3rRPSmetamorphic parallel mechanismwith a
Theory (2015), http://dx.doi.org/10.1016/j.mechmachtheory.2015.08.005

http://dx.doi.org/10.1016/j.mechmachtheory.2015.08.005
mailto:dongming.gan@kustar.ac.ae
http://dx.doi.org/10.1016/j.mechmachtheory.2015.08.005
http://www.sciencedirect.com/science/journal/0094114X
http://dx.doi.org/10.1016/j.mechmachtheory.2015.08.005


2 D. Gan et al. / Mechanism and Machine Theory xxx (2015) xxx–xxx
measuring machine [19] and machining tools [2,20]. However, those two types of parallel mechanisms were treated independently
with case-by-case applications. The new metamorphic parallel mechanism proposed in this paper can provide both motion types
with the same mechanical structure. This keeps kinematics and dynamics simplicity of lower-DOF parallel mechanisms but provides
capability to multi-tasks, likemachining different types of components, and rehabilitation of different human joints. The study of this
paper will illustrate the reconfiguration concept, unified kinematics analysis and optimal design of the new parallel mechanism,
which can be used for the mechanism design and applications. More than that, the proposed reconfiguration method can also be ex-
tended to generate more reconfigurable parallel mechanisms.

Current mechanism research shows some basic ways to design reconfigurable mechanisms. One is to change the number of links
by link coincidence and self-locking as in [21–24]. It was used in proposingmetamorphic mechanisms in the study of decorative car-
ton folds and reconfigurable packaging [21]. Later, a metamorphic multifingered handwith an articulated palm by link coincidence of
a spherical five bar linkagewas presented [22]. A general approach for self-locking analysis was done in [23] while various joint types
were explained and used in kinematic representations of metamorphic pop-up paper mechanisms in [24].

Another way of reconfiguration is through singularities. One of the cases is to have bifurcated configurations through constraint
singularities [25]. Kinematotropic mechanisms were the earliest mechanisms that the permanent mobility could be changed after
it passed through the singular positions [26]. Following the study of single-loop and multi-loop kinematotropic mechanisms, parallel
mechanismswith bifurcatedmotionwere also constructed [27]. Using the same principle, a parallelmechanismwith changedmotion
formachine tool applicationswas proposed [28]while a family of parallel mechanisms that havemultiple operationmodeswere pre-
sented [29,30]. Using linear transformations, new 1R2T parallel mechanisms with a bifurcated rotation motion on two orthogonal di-
rections [31] were synthesized. In addition to constraint singularities, through both Type 1 [32] and Type 2 [33] singularities, parallel
mechanisms can be also reconfigured between different motion types.

Other methods of reconfiguring mechanisms include special trajectory planning [34], variable actuation modes [35,36] and vari-
able geometric joints [10,37]. The last method is to apply geometric constraint to joints to change the joint property and has been re-
cently developed a lot. Variable topologies of kinematic joints and their topological representation were presented in [37]. Based on a
reconfigurable Hooke (rT) joint, various metamorphic parallel mechanisms [10,38] have been synthesized and a general construction
method using screw theory was introduced [39]. Similarly a metamorphic parallel mechanism with the ability of performing phase
change and orientation switch was proposed by introducing a metamorphic kinematic pair [40] and a class of metamorphic parallel
mechanisms was designed using a variable-axis (vA) joint [41]. Recently, unified kinematics modeling and singularity analysis of
metamorphic parallel mechanisms have been investigated in [42,43]. By designing a reconfigurable universal joint, a 3-CUP parallel
mechanism was proposed to reconfigure into two motion types [44].

Using similar principle to the rT joint [10] and vA joint [41], this paper introduced a reconfigurable revolute (rR) joint of which the
rotation axis can be altered freely on a plane. Based on this, three rRPS limbs are used to construct a metamorphic parallel mechanism
which can change its platformmobility between 3-DOF spherical motion and 3-DOF 1T2Rmotion. This paper then shows a unified kine-
maticsmodel for analytic solutions of the forward and inverse displacement analysis covering the two differentmotion types. Reciprocal
screw based Jacobian matrix is also used to represent the singularity loci. Following this, a method of obtaining optimized structure pa-
rameters to have the maximum singularity-free workspace and good kinematics performance for both motion types is proposed.

In the following, the paper is arranged as: Section 2 introduces the reconfigurable revolute joint and the rRPS limbwith its geomet-
ric constraint analysis in screw theory; following this,mobility change of the 3rRPSmetamorphic parallel mechanism is demonstrated
in Section 3 and unified kinematics analysis is solved in Section 4; over all Jacobian matrix in terms of reciprocal screws is derived to
obtain singularity loci and singularity-free workspace is then illustrated in Section 5; based on these, parameter effect on maximum
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Fig. 1. The rR joint and the rRPS limb.
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singularity-free workspace is carried out in Section 6 and optimal design is then demonstrated in Section 7; reconfiguration strategy
and the rT joint design are discussed in Section 8; conclusions make up Section 9.

2. The reconfigurable revolute (rR) joint and the rRPS limb

As in Fig. 1(a), the reconfigurable revolute joint, named rR joint, consists of a ring base, a rotation bar and a joint link. The
joint link which is normally connected to a mechanism limb and perpendicular to the rotation bar rotates about the rotation
bar with axis u. The reconfiguration comes from that the rotation bar can be rotated along the groove of the ring base about
the direction n which is the normal vector of the ring base plane Σ. This allows the revolute joint axis u to be alterable about
n on the plane Σ and fixed along the groove. This changes the contribution of the rR joint in a parallel mechanism assembly
and will make the mechanism reconfigurable.

The rRPS limb consisting of an rR joint, a prismatic joint and a spherical joint, is shown in Fig. 1(b). The function of an rRPS limb in a
parallel mechanism is equivalent to a general RPS limb but with an additional reconfigurable rotation axis of the revolute joint.

Set a limb coordinate system 1o1x1y1z at the intersecting point of the rotation bar and the joint link on the plane Σ, where 1x axis
and 1y axis are on the plane Σ while 1z axis is along n. The twist system of the rRPS limb is given as:
where
of the
expres

Pleas
reco
1S1
n o

¼

1S11 ¼ uT 0� uT
h i

1S12 ¼ 0 sT
h i

1S13 ¼ uT aT � uT
h i

1S14 ¼ sT aT � sT
h i

1S15 ¼ uT � sT aT � uT � sT
� �h i

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

9>>>>>>>>>>>>>=
>>>>>>>>>>>>>;

ð1Þ
where (•)T is the transpose of vector/matrix (•), u=(cosθ, sinθ, 0)T, s=(−cosαsinθ, cosαcosθ, sinα)T is the unit vector along the limb,
0 is a 1 × 3 zero vector and a is the position vector of the spherical center. In Eq. (1), the first twist is for the rR joint, the second is
generated from the prismatic joint, and the last three are generated from the spherical joint. θ is the angle between the rotation
bar (u) and the 1x axis, α is the angle between the limb (s) and its projection on plane 1x1o1y (plane Σ). In the twist notation 1Sij,
the first subscript i denotes the limb number, the second subscript j denotes the joint number within the limb and the leading super-
script indicates the local frame.

Thefive twists in Eq. (1) formafive-system [45]. Thus, there is one reciprocal screw to Eq. (1) in the limb constraint systemas
1Sr1
n o

¼ 1Sr1 ¼ u a� u½ �: ð2Þ
This gives a constraint force acting along a line passing through the spherical joint center with a direction parallel to the rotation
axis (u) of the rR joint. By altering the revolute joint axis u = (cosθ, sinθ, 0)T with variable angle θ the constraint force in Eq. (2) is
alterable and will change the constraint to the platform as analyzed in the following 3rRPSmetamorphic parallel mechanism.

3. The 3rRPSmetamorphic parallel mechanism and its reconfiguration

The 3rRPSmetamorphic parallelmechanism as in Fig. 2 has three rRPS limbs symmetrically located on the base circlewith radius rb
through the rR joints and on the platform circle with radius ra through spherical joints. Let points Ai and Bi denote the spherical joint
center and the rR joint center in limb i (i= 1,2,3) respectively. ui is the rotation axis of the rR joint in limb i. Locate a global coordinate
system oxyz at the geometric center o of the basewith the negative part of y axis passing through rR joint center B1 and z axis perpen-
dicular to the base plane formed by B1B2B3. Then, x axis is parallel to B2B3 as in Fig. 2. Based on symmetry, all the ring base plane Σi of
the rR joint in limb i intersects the z axis with angle ϕwhich is named rR joint base location angle. Let ai and bi denote the vectors of
points Ai and Bi in the coordinate system oxyz, li be the limb length between the spherical joint center Ai and the rT joint center Bi.
Similarly, a moving coordinate system o′x′y′z′ is attached at the platform center o′ with the negative part of y′ axis passing through
spherical joint center A1 and z′ axis perpendicular to the platform plane formed by A1A2A3.

Based on the above description, the geometric constraint of the 3rRPS is described in two parts. The first part expresses the length
of the limbs
R a0
i þ p−bi

� �2 ¼ l2i i ¼ 1;2;3ð Þ ð3Þ
and the second part describes the constraint that each limb is perpendicular to the rotation axis ui of the rR joint:
R a0
i þ p−bi

� �T
:ui ¼ 0 i ¼ 1;2;3ð Þ ð4Þ

R is the rotationalmatrix from themoving coordinate system to the global coordinate system oxyz, p=(px, py, pz)T is the vector
moving coordinate center o′ expressed in the global coordinate system. ai′ is the position vector of spherical joint center Ai

sed in the moving coordinate system o′x′y′z′.
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Fig. 2. The 3rRPSmetamorphic parallel mechanism.
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Based on the six constraint equations in Eqs. (3) and (4), the three independent rotation parameters in R and the three translation
parameters in p=(px, py, pz)T can be fully determinedwhen li is given as actuation input of each prismatic joint. Thus, equations in Eq.
(3) are related to the actuation and equations in Eq. (4) determine themobility of the 3rRPSMPM. Based on the reconfiguration of the
rR joint with variable ui by rotating the ring base, the 3rRPS MPM is reconfigurable and can have the following different topologies
with two different motion types.

Case 1. The three rR joint axis ui are independent.

This is the general case as in Fig. 2, the position vector p= (px, py, pz)T can be solved from the three equations in Eq. (4) as
Pleas
reco
pT ¼
b1−R a0

1
� �T

:u1

b2−R a0
2

� �T
:u2

b3−R a0
3

� �T
:u3

2
64

3
75
T

: u1 u2 u3½ �−1
: ð5Þ
Thus, the translationparameters can be linearly solved for a given rotationmatrixR but not inversely. Thus, considering kinematics
simplicity, this topology is taken as pure rotation (3R) motion with parasitic translation motion that can be obtained from Eq. (5).

Before going to Case 2, the following Cayley formula [46] is introduced andwill be used to describe the rotation between themov-
ing coordinate system and the global coordinate system as matrix R:
R ¼ Δ−1
1þ c21−c22−c23 2 c1c2−c3ð Þ 2 c1c3 þ c2ð Þ
2 c1c2 þ c3ð Þ 1−c21 þ c22−c23 2 c2c3−c1ð Þ
2 c1c3−c2ð Þ 2 c2c3 þ c1ð Þ 1−c21−c22 þ c23

2
64

3
75 ð6Þ
where Δ = 1 + c1
2 + c2

2 + c3
2, c1, c2 and c3 are the Rodriguez–Hamilton parameters and c1 = kx tan(γ/2), c2 = ky tan(γ/2), c3 =

kz tan(γ/2), which describes a 3D rotation about an axis k(kx, ky, kz) with angle γ.
Cayley formula uses the three independent Rodriguez–Hamilton parameters to represent 3D rotation motion and shows a big ad-

vantage in simplifying the following geometric constraint equations for mobility analysis and also on singularity and workspace rep-
resentation in Section 5.

Case 2. The three rR joint axis ui are dependent

Based on the symmetrical property, there are two dependent cases.

(1) Two ui are dependent
This is the case when two ui are parallel to each other and there are three cases (u1 = u2, u1 = u3, or u2 = u3). An example of
u1=u3 is in Fig. 3(a) and due to the symmetryu1,u3 should be parallel to the common line of the two base ring planes of the rR
joints in limb 1 and limb 3. Then from Eq. (4) there is:
pT
:u1 ¼ b1−R a0

1
� �T

:u1

pT
:u3 ¼ b3−R a0

3
� �T

:u3

0 ¼ b1−b2−R a0
1 þ R a0

2
� �T

:u1

8><
>: ð7Þ
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Pleas
reco
FromEq. (7) two of the three translation parameters (px, py, pz) in p can be linearly solved from thefirst two equationswhile the
third equation only relates to the rotation parameters in R. By substituting Cayley formula from Eq. (6) into the third equation
in Eq. (7), there is

c3 ¼ f 1; c1; c2; c
2
1; c

2
2

� �
ð8Þ
where f(•) is a function of unknown power products in the bracket, with real constant coefficients depending on the input andmech-
anism dimensional parameters only. This further shows that the rotation about z axis can be linearly solved by the rotations about the
other two axes. For simplicity, the mechanism is considered to have twomain rotations about x axis and y axis. Thus, themechanism
has one translation and two rotation (1T2R) motion in this case.

(2) Three ui are dependent
This is the case only when all the three ui are on the base plane as in Fig. 3(b) where u1 = (1, 0, 0)T, u2 = (–1/2,

ffiffiffi
3

p
/2, 0)T,

u3 = (–1/2, −
ffiffiffi
3

p
/2, 0)T, then u1 + u2 + u3 = 0, and there is
pT
:u1 ¼ b1−R a0

1
� �T

:u1

pT
:u2 ¼ b2−R a0

2
� �T

:u2

0 ¼ b1−R a0
1

� �T
:u1 þ b2−R a0

2
� �T

:u2 þ b3−R a0
3

� �T
:u3:

8><
>: ð9Þ

Similar with Eq. (7), two of the three translation parameters (px, py, pz) in p can be linearly solved from the first two equa-
tions while the third equation provides a constraint among the rotation parameters in R. This can be further detailed
as:

px ¼ b1−R a0
1

� �T
:u1

py ¼ b1−R a0
1

� �T
:u1 þ 2 b2−R a0

2
� �T

:u2=
ffiffiffi
3

p
c3 ¼ 0:

8><
>: ð10Þ

Thus translations along x axis and y axis can be linearly solved from the rotation motion while there is no rotation about z
axis. The parallel mechanism in this case is considered to have one translation along the z axis and two rotations about x
axis and y axis.
To summarize the above analysis, the 3rRPSMPM can have either pure rotation (3R) motion with parasitic translations or
one translation and two rotation (1T2R) motion by reconfiguring the rotation axis of the rR joint into different directions.
It should be noticed that there are infinite numbers of configurations with pure rotation motion by altering the rR joint in
each limb as far as the three rotation axis vectors are not dependent. There are only four cases with 1T2Rmotion as stated
in Case 2.
4. Unified kinematics modeling and analytical displacement analysis

The inverse displacement analysis of the 3rRPS metamorphic parallel mechanism is to obtain the actuation parameters (limb
length li) based on the given platform position and orientation. When giving the platform position p (px, py, pz) and orientation R
e cite this article as: D. Gan, et al., Unified kinematics and optimal design of a 3rRPSmetamorphic parallel mechanismwith a
nfigurable revolute joint, Mech. Mach. Theory (2015), http://dx.doi.org/10.1016/j.mechmachtheory.2015.08.005
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described in the global coordinate system in Fig. 1, the actuation inputs which are the limb lengths can be calculated directly from
Eq. (3):
Pleas
reco
li ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R a0

i þ p−bi
� �2q

i ¼ 1;2;3ð Þ: ð11Þ
This is the same for all the topologieswith differentmobility but it should bementioned that, the platformposition and orientation
parameters cannot be given freely. They should follow the geometric constraint relations analyzed in Section 3 that the translations
are calculated by given orientation for 3R motion case and two rotations and one translation can be given arbitrarily for the 1T2R
motion case.

On contrary to the inverse one, forward displacement analysis is to solve the platformposition p (px, py, pz) and orientationRwhen
giving the corresponding actuation parameters (li) for each topology. The strategy for the 3rRPSmetamorphic parallelmechanism is to
use the limb parameters to express the spherical joint center vector ai to form the constraint equations based on the platform geom-
etry. To do this, a limb coordinate system ioixiyiz is attached to each rR joint as in Fig. 4, where iz axis is along the normal n of the base
plane of the rR joint and iy axis intersects the z axis. The following solving procedure gives a unified forward kinematics analysis valid
for all topologies of the 3rRPSMPM with different mobility.

Based on the above analysis and the coordinate systems of the 3rRPSMPM in Fig. 4, geometric constraints of themechanism can be
given as:
b1 ¼ 0;−rb;0ð ÞT ;b2 ¼ rb sinπ=3; cosπ=3;0ð ÞT;b3 ¼ rb − sinπ=3; cosπ=3;0ð ÞT
a1 ¼ b1 þ Rz 0ð ÞRx ϕ−π=2ð ÞRz θ1ð Þl1 0; cosα1; sinα1ð Þ
a2 ¼ b2 þ Rz 2π=3ð ÞRx ϕ−π=2ð ÞRz θ2ð Þl2 0; cosα2; sinα2ð Þ
a3 ¼ b3 þ Rz 4π=3ð ÞRx ϕ−π=2ð ÞRz θ3ð Þl3 0; cosα3; sinα3ð Þ

8>><
>>:

ð12Þ
where li is the length of limb i, Rk(g) represents a rotation about axis kwith angle g and is used to translate the vector of the spherical
joint center in the limb coordinate system to the global coordinate system in Fig. 4. θi describes the direction of the rR joint rotation
axis ui and αi is the angle between the limb and its projection on the ixioiy plane (plane Σ) in limb i.

Based on this, the triangle of the platform geometry can be described as:
ffiffiffi
3

p
ra

� �2 ¼ a1−a2ð Þ2ffiffiffi
3

p
ra

� �2 ¼ a1−a3ð Þ2ffiffiffi
3

p
ra

� �2 ¼ a2−a3ð Þ2

8>>>><
>>>>:

: ð13Þ
Substituting Eq. (12) into Eq. (13) and applying cosαi = (1− ti
2)/(1 + ti

2), sinαi = 2ti/(1 + ti
2), there is
f 1 1; t1; t
2
1; t

2
2; t1t

2
2; t

2
1t

2
2

� �
¼ 0

f 2 1; t3; t
2
3; t

2
1; t3t

2
1; t

2
3t

2
1

� �
¼ 0

f 3 1; t2; t
2
2; t

2
3; t2t

2
3; t

2
2t

2
3

� �
¼ 0

8>>><
>>>:

ð14Þ
Fig. 4. Unified kinematics modeling of the 3rTPSwith perpendicular constraint screws.
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where fi(•) is a linear function of the power products in the bracket with coefficients depending on known parameters only, ti repre-
sents Tan(αi/2).

By using Sylvester's dialytic elimination method [32] for the first two equations in Eq. (14), there is
Pleas
reco
f 4 1; t3; t
2
2; t

2
3; t

2
2t3; t

3
3; t

4
2; t

4
3; t

2
2t

2
3; t

2
2t

3
3; t

4
2t

1
3; t

2
2t

4
3; t

4
2t

2
3; t

4
2t

3
3; t

4
2t

4
3

� �
¼ 0 ð15Þ
where f4(•) is a linear function of the power product in the bracket with coefficients depending on known parameters only.
Then, following the same method for Eq. (15) and the third equation in Eq. (14), a polynomial with only unknown t3 can be

obtained as:
Xþ16

i¼0

hit
i
3 ¼ 0 ð16Þ
where coefficient hi are the real constants depending on input data only.
This shows that a univariate equation in t3 of degree 16 is obtained.
Solving Eq. (16), sixteen solutions of t3 can be obtained. Then, t2 can be solved by substituting each solution of t3 into the third

equation in Eq. (14) and selecting the roots satisfying Eq. (15). Following this, t1 can be solved by substituting each pair of solutions
of t2 and t3 into the first equation in Eq. (14)with proof of the second equation in Eq. (14). Based on this, sixteen pair of solutions of t1,
t2, t3 are obtained and the spherical joint center Ai can be calculated by substituting αi= 2ArcTan(ti) into Eq. (12). Then, the platform
position and orientation can be determined using the three spherical joint centers with Fig. 4 as:
z0 ¼ a2−a1ð Þ � a3−a1ð Þ= a2−a1ð Þ � a3−a1ð Þk k
x0 ¼ a2−a3ð Þ=

ffiffiffi
3

p
ra

� �
y0 ¼ z0 � x0

R ¼ x0; y0; z0
� �

p ¼ a1 þ ray
0
:

8>>>>><
>>>>>:

ð17Þ
This shows the unified forward kinematics solution of the 3rRPSmetamorphic parallel mechanism for both the 3Rmotion and the
1T2R motion.

5. Singularity loci and singularity-free workspace

5.1. Singularity loci based on Jacobian matrix with reciprocal screws

The infinitesimal twist [47] of the moving platform of the 3rRPSMPM can be written as the linear combination of instantaneous
twists of each limb:
SG ¼ ϕ
�

i1Si1 þ l
�

iSi2 þ ϕ
�

i3Si3 þ ϕ
�

i4Si4 þ ϕ
�

i5Si5 i ¼ 1;2;3ð Þ ð18Þ
where SG represents the infinitesimal twist of the moving platform, Sij (j= 1,2,3,4,5) denotes the unit screw of the jth 1-DOF joint in
limb i, l

�

i is the distance rate of the prismatic joint in limb i,ϕ
�

i j (j= 1,3,4,5) represents the angular rate of the rR joint and spherical joint
in limb i.

By locking the active joints in the limbs temporarily and taking reciprocal product on both sides of (18), there is
Sri1 Sri2
� �T∘SG ¼ 0 l

�

i

h iT
i ¼ 1;2;3ð Þ ð19Þ
where Si1r is the reciprocal screw of geometric constraint to all motion screws in limb i and it passes through the spherical joint center
with direction parallel to rotation axisui of the rR joint as in Eq. (2). Si2r is the actuation screw reciprocal to allmotion screws in Eq. (18)
except the prismatic joint screw Si2 and it is collinear with the limb.

Equations in Eq. (19) for the three limbs can be rewritten in matrix form as:
Sr11
Sr21
Sr31
Sr12
Sr22
Sr32

2
6666664

3
7777775
∘SG ¼ J SG ¼

a1 � u1 u1
a2 � u2 u2
a3 � u3 u3
b1 � s1 s1
b2 � s2 s2
b3 � s3 s3

2
6666664

3
7777775
SG ¼

0
0
0
l
�

1

l
�

2

l
�

3

2
66666664

3
77777775
: ð20Þ
In Eq. (20), J is the 6 by 6 Jacobian matrix which maps velocities between the manipulator and the actuation input. Once the ma-
nipulatormeets singular configurations, thismapping loses its function and the rank of the Jacobianmatrix decreases to be less than 6.
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This can be also interpreted that the six constraint forces in J are linearly dependent. Inversely, identifying the dependent conditions for
the constraint forces in the workspace will reveal the singular configurations of the manipulator. In order to demonstrate this, some di-
mensionless parameters with physical constraints are given as: the platform radius ra =1, base radius rb =2, ϕ= π/2− ArcSin(

ffiffiffi
3

p
/3)

representing that the three normal vectors of the three rR joints are perpendicular to each other.
Type 2 singularities appearwhen the determinant of J equals to zero. Based on the rotationmatrix R in (6) andmobility analysis in

Section 3, the determinant of J is given by:
Pleas
reco
Jj j ¼ f 5 c1; c2; c3;…ð Þ 3R motion
f 6 c1; c2;pz;…ð Þ 1T2R motion

	
ð21Þ
where f5 is a function of c1, c2 and c3 with their products up to 10th order for the topologies with 3Rmotion and f6 is a function of c1, c2
and pzwith their products up to 11th order for the topologieswith 1T2Rmotion. Those parameters are used respectively to represent
the singularity points of the platform. By equalling Eq. (21) to zero, all singular points can be found and some examples are illustrated
in Figs. 5 and 6.

In Fig. 5, the singularity loci of the 3rRPSMPMwith 1T2R motion (θ1 = θ2 = θ3 = 0) is shown. It can be seen that the loci is sym-
metrical due to the symmetrical limb arrangement. Two singular configurations and their corresponding points on the singularity loci
are shown in Fig. 5. It agrees with the conclusion [48] that in singularity configurations the four planes, the platformplane and a plane
from each limb formed by the actuation force and constraint force in the limb, intersect at one point which makes the rank of the Ja-
cobian matrix 5. It can be also found that when pz is close to zero which is that the platform is close to the base, there are more pos-
sibilities to meet singularity configurations. However, in real applications, the platform will work with positive pz much bigger than
zero for which the singularity loci is quite uniform and represented by the tetrahedron shaped surface with an open side along the
z direction and a vertex at the zero point with c1 = c2 = pz = 0 as in Fig. 5.

As analyzed in Section 3, there are various topologies of the 3rRPSMPMwith 3R motion by changing the rR joint rotation axes to
different directions. The following shows singularity loci of four cases in Fig. 6. It can be seen thatwhen θ1= θ2= θ3 the singularity loci
are symmetrical due to the symmetrical limb arrangement. The case with θ1 = θ2 = θ3 = π/2 gives similar spherical parallel mech-
anism to the pyramid parallel mechanism [49]. When the three rR joint axes do not have the same angle θ, the loci is not symmetrical
as shown in Fig. 6(b). Generally, the space close to the center (c1 = c2 = c3 = 0) is separated into upper and lower part by the loci
which are the main singularities in the mechanism workspace as shown in the following section.

5.2. Singularity-free workspace

In the 3rRPS MPM, each limb length has two limits (lower and upper) which constrain the actuation range and determine the
workspace of the platform. Thus, the platform workspace boundaries can be expressed by the two limits limax/min following the geo-
metric constraints in Eqs. (3) and (4):
R a0
i þ p−bi

� �2 ¼ l2imax=min i ¼ 1;2;3ð Þ: ð22Þ
Similar to the singularity representation, the independent parameters are used to illustrate the boundarywith (c1, c2, c3) for the 3R
motion and (c1, c2, pz) for the 1T2Rmotion. Two examples are shown in Fig. 7(a) and (b) in which the following parameters are used:
spherical joint rotation angle ≤ π/3 rad, rR joint rotation angle ≤ π/3 rad, limb length 1.6 ≤ li ≤ 2.88.

Fig. 7(a) shows thatworkspace of the 1T2R case only exists in the areawith pz between 1 and 3 based on the geometric parameters
and constraints given. Most of the part is singularity-free as seen in the combination figure with the singularity loci in Fig. 7(a). Dif-
ferently, workspace of the 3R case has symmetrical parts with respect to the plane c3 = 0 as in Fig. 7(b) and they are corresponding
to positive and negative rotations about z axis. Comparing with the singularity loci, the workspace is separated into two singularity-
(c1=0.5, c2=−0.5, pz=0.3)             (c1=0.2, c2=−0.79, pz=3)

Fig. 5. Singularity loci and two singular configurations of the 1T2R case (θ1 = θ2 = θ3 = 0).
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Fig. 6. Singularity loci of topologies with 3R motion.
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free parts. To avoid singularities, the mechanism needs to work with positive or negative z-axis rotation only. The way to define
singularity-free workspace in this section will be used as in the optimal design in the following section.

6. Parameter effect on maximum singularity-free workspace

Singularity-free workspace can be taken as the primary performance index for a parallel mechanism and is an important topic in
mechanism design. This section aims at exploring effect of some key parameters of the 3rRPSMPM on its singularity-free workspace.
Each topology of the 3rRPSMPM is a parallel mechanism and to show the effect by covering all working topologies with differentmo-
tion types is a challenge. In the following, the two main topologies with 1T2R motion (θ1 = θ2 = θ3 = 0) and 3R motion (θ1 = θ2 =
θ3 = π/2) will be considered together.

Based on the kinematics model shown in Fig. 4, key parameters of the 3rRPS MPM are the base and platform sizes (rb and ra), rR
joint base location angle ϕ and the limb length range (lmin ≤ li ≤ lmax) which is the same for all three limbs. Mechanical constraints in-
cluding maximum passive joint angles and limb interference should also be considered in the calculation. In the following, passive
joint angles are limited in the range as -ψmax ≤ ψi ≤ ψmax, where ψi denotes rotation angle from its home position of any revolute
joint, and spherical joint along three orthogonal directions one of which is along the limb at the home position. ψmax is given π/3 in
this paper. The minimum distance between any two limbs is limited to be 0.01 to avoid limb interference.

In the following, effect of the key parameters (ra, rb, ϕ, li) on maximum singularity-free workspace Vwill be illustrated for the two
topologies with 1T2R motion (θ1 = θ2 = θ3 = 0) and 3R motion (θ1 = θ2 = θ3 = π/2). V is calculated as the volume inside of the
workspace boundaries and the singularity surface as demonstrated in Section 5.2.

(1) Effect of limb length range (lmin ≤ li ≤ lmax).
Based on the kinematics, it can be imagined that limb length range limits the translation along z axis of the 1T2R motion and
both of them can be as large as infinite. But this is different for the 3Rmotion with parasitic translationmotion with which the
limb length hasminimum andmaximum values even if there is no other constraint. This is the reason that limb length range is
selected as one of the parameters for optimization as an arbitrarily selected limb length range may not cover the effective
workspace of the 3R motion. By using dimensionless values ra = 1, rb = 2, lmax = 1.8lmin, workspace volume V with respect
to different lmin (from 1.3 to 4) under different rR joint base location angle ϕ for the two topologies are shown in Fig. 8. In
Fig. 8(a), it can be seen that the workspace volume of the 3R motion has a peak value for each angle ϕ while the minimum
limb length lmin corresponding to the peak value increases when ϕ increases from 50° to 80°. The peak value is bigger when
the angle ϕ is larger indicating that a larger rR joint base location angle ϕ can help increase the workspace of the 3R motion
when a corresponding limb length lmin is provided. An example of the peak workspace volume V of the 3R motion is shown
(a) 1T2R motion ( 1= 2= 3=0)    (b) 3R motion ( 1= 2= 3= /3)

Fig. 7. Workspace of different topologies.
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in Fig. 8(b)which shows the boundary is symmetrical due to the symmetrical limb arrangement. Themaximum rotation about
z axis is around ±68° (c3 = ±0.675), around ±58° (c1 = c2 = ±0.56) about x axis and y axis.
Fig. 8(c) shows the workspace volume of the 3rRPSMPM with 1T2R motion with respect to the same limb length range (lmin

from 1.3 to 4) and variable rR joint base location angle ϕ. There is a clear trend that the workspace volume increases when the
minimum limb length lmin increases. A bigger angle ϕ provides larger V when ϕ is less than 70° and lmin is over 2.5 while the
workspace volume decreases when ϕ is 80° (purple line). Thus to have a good workspace volume, a longer lmin and an angle
ϕ close to 70° will be good design values. An example of the workspace volume V of the 1T2R motion is shown in
Fig. 8(d) which shows the boundary is also symmetrical. The maximum translation along z axis is around
2.1(2.72 ≤ pz ≤ 4.82), with rotation angle −60.6° to 52.7° (−0.585 ≤ c1 ≤ 0.496) about x axis and ±58° (c2 = ±0.53) about
y axis.
Thus, considering the two topologies and the workspace volume curves in Fig. 8, a longer lmin and a larger angle ϕ close to 70°
are good design values.

(2) Effect of the base radius rb.
By using ra =1, lmax = 1.8lmin, lmin= 3.1, themaximum singularity-free workspace volumes with respect to different base ra-
dius rb (from 0.7 to 4.5) and different rR joint base location angle ϕ are shown in Fig. 9 for the 3R and 1T2Rmotion. The general
trend is similar for both cases that the peak value of the workspace volume is around the same value for different ϕ and it re-
quires smaller base size rb when angle ϕ is bigger to reach the peak volume V. It can also be seen that a similar base size rb can
make both topologies reach the maximum singularity-free workspace volume for a given angle ϕ. For example, rb ≈ 2.9 gives
themaximumV≈ 0.85 for the 3Rmotionwithϕ=60° (blue curve) in Fig. 9(a)while rb≈ 3 gives themaximumV≈ 1.6 for the
1T2Rmotionwith sameϕ=60° (blue curve) in Fig. 9(b). Thismakes it easy to select base size rb by giving rR joint base location
angle ϕ or inversely.

(3) Effect of the platform radius ra.
By selecting rb = 2, lmax = 1.8lmin, lmin = 3.1, the maximum singularity-free workspace volume with respect to different base
radius ra (from 0.3 to 4.1) and different rR joint base location angle ϕ are shown in Fig. 10 for the 3R and 1T2Rmotion. Gener-
ally, a smaller platform size rb will provide larger workspace volume V for both cases. The increase of angle ϕwill increase the
volume V a lot in 3R motion when ϕ is less than 70° as in Fig. 10(a) and it drops a lot for ϕ=80° while V is almost zero when
ϕ=50°. The trend is similar for the 1T2Rmotion in Fig. 10(b) but angle ϕ does not affect the workspace volume V as much as
that in the 3R case. Thus, a smaller platform size ra and a larger angle ϕ close to 70° are preferable.
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The above gives a general idea of the effect of those key parameters on themaximumsingularity-freeworkspace of both 3R and
1T2R motion of the 3rRPS MPM. This provides references at the initial stage of the mechanism design. In the following, a
systematic way will be shown on the optimal design considering both workspace and kinematics performance.
7. Optimal design of the 3rRPS MPM

As mentioned in Section 6, each topology of the 3rRPSMPM is a parallel mechanism and there is an optimal design for it based on
selected design criteria. To have an optimal design of the metamorphic parallel mechanism to cover all working topologies with dif-
ferentmotion types is very challenge and time consuming. In this section, the twomain topologies of 1T2Rmotion (θ1= θ2= θ3=0)
and 3Rmotion (θ1= θ2= θ3= π/2)will be considered together in the optimal designwhich gives the best combined performance for
both topologies.

7.1. Design variables and performance indices

As discussed in Section 6, key parameters of the 3rRPSMPM in the optimization are the base and platform sizes (rb and ra), rR joint
base location angle ϕ and the limb length range (lmin ≤ li ≤ lmax). Considering practical mechanical limb strokes, it is commonly lmax =
1.8lmin which means the stroke of the limb can be eighty percent of its minimum length. Then lmin will be taken as one of the key pa-
rameters in the design. To have a relative relation, the length parameters are normalized by the base size rb asλa= ra/rb,λlmin= lmin/rb.
Thus, λa represents the ratio between the platform and base sizes and λlmin shows the ratio of the minimum limb length over the base
size.

In addition to themaximum singularity-free workspace, kinematics performance of the parallel mechanismwill be another objec-
tive in the optimal design. For the kinematics performance, condition number ki = σmax/σmin, (σmax and σmin are the maximum and
minimum singular values of the Jacobianmatrix) is a widely used parameter in parallel mechanism design and optimization [50]. For
the 3R topology, the Jacobianmatrix has unified unit of rotation angles as in Eq. (A5) in the Appendix A. However, the 1T2R topology
has coupled translation and rotation due to which the Jacobian matrix has mixed units which causes inconsistent condition numbers
in representing kinematics performance. In this paper, the condition number is calculated using the dimensional homogeneous Jaco-
bian matrix [51] which is derived in the Appendix A.
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Optimal design of the 3rRPSMPM in this paper is to find the best parameter set to havemaximum singularity-freeworkspacewith
good kinematics performance covering the two topologies of 1T2R motion (θ1 = θ2 = θ3 = 0) and 3Rmotion (θ1 = θ2 = θ3 = π/2).
Thus, the optimal design cost function can be given as:
where
tween

Fig. 11.
figure le

Pleas
reco
maximize V
maximize k

	
; k ¼ VZ

V
kidV

ð23Þ
Subject to: −π/3 ≤ ψi ≤ π/3,
0:3 ≤ λa≤1;
0:5 ≤ λlmin≤1:6;
40� ≤ϕ≤80�

;
limb distance ≤ 0:01;

V is themaximum singularity-free workspace volume, k is the inverse average condition number in theworkspace V and is be-
0 and 1. The best kinematics performance corresponds to the value 1 when the velocity mapping is isotropic.
7.2. Optimal design

Based on the optimal design function in Eq. (23), the combined effect of the key parameters on the maximum singularity-free
workspace and kinematics performance has been calculated and the results are illustrated in Fig. 11 for both 3R and 1T2R topologies.
In general, a larger singularity-free workspace corresponds to a worse average kinematics performance. A smaller platform size (λa)
gives a larger singularity-freeworkspace for both topologies as shown in Fig. 11(a) and (c) inwhich the blue one (λa=0.3) shows the
best and the red one (λa=1) is theworst. This is directly opposite to the kinematics performance as in Fig. 11(b) and (d) inwhich the
red ones provide higher numbers while the blue ones are at the bottom.

For the 3R topology, an approximate ratioλlmin/ϕ=1between theminimum leg length and rR joint base location angleϕwill give
a large workspace for a given platform size as shown by the bump parts of each color in Fig. 11(a). The maximum singularity-free
(c) 1T2R workspace

(a) 3R workspace

(d) 1T2R kinematics performance

(b) 3R kinematics performance

Optimal design of the 3rRPSMPM (blue forλa=0.3, green forλa=0.5, yellow for λa=0.8, red forλa=1). (For interpretation of the references to color in this
gend, the reader is referred to the web version of this article.)
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workspace increases when λlmin and ϕ increase at the same time. The largest workspace is represented by the point on the blue sur-
face (λa = 0.3) with λlmin = 1.6, ϕ = 64°. For each platform size, it can be also found that when the limb length is not enough, the
workspace is zero. This happens for a small ϕwith a large λlmin or a big ϕwith a small λlmin. As mentioned above, the kinematics per-
formance has an opposite trend with workspace as in Fig. 11(b). For a fixed platform size, the average condition number increases
when both λlmin and ϕ decrease at the same time. The best kinematics performance is represented by the peak point on the yellow
surface (λa = 0.8) with λlmin = 0.8, ϕ = 60°.

For the 1T2R topology, surfaces of both workspace and kinematics performance are smoother than the 3R case as in Fig. 11(c) and
(d). The trend is also clear that when the minimum leg length λlmin increases, the maximum singularity-free workspace increases
while the average condition number decreases. A smaller rR joint base location angle ϕ is preferable considering the kinematics per-
formance while a specific value (around ϕ = 70°) provides the largest singularity-free workspace for a fixed platform size (λa).

To conclude the above optimal design results, a larger angle ϕ close to 70°, a bigger minimum limb length lmin, a smaller platform
size ra will provide the best set of parameters to have a maximum singularity-free workspace for both 3R and 1T2R motion of the
3rRPSMPM. However, the kinematics performance represented by the average condition number of the Jacobianmatrix has an oppo-
site trend. A smaller ϕ, smaller minimum limb length lmin, and a bigger platform size rawill provide better average kinematics perfor-
mance. A trade-off needs to be made between the two performance objectives and also between the two topologies which share the
same mechanical parameters. A combined criterion can be given as
Pleas
reco
maximize C ¼ w1 w11V3R þw12k3Rð Þ þw2 w21V1T2R þw22k1T2Rð Þ ð24Þ
wherew1 andw2 are theweights of the 3R topology and the 1T2R topology in the objective functionwithw1 +w2= 1, 0 ≤w1,w2 ≤ 1,
wi1 and wi2 (i = 1 for 3R, i = 2 for 1T2R) are the weights for maximum singularity-free workspace and kinematics performance of
each topologywithwi1+wi2=1, 0 ≤wi1, andwi2 ≤ 1. V3R and V1T2R are the normalizedworkspace and 0 ≤ V3R, V1T2R ≤ 1. Asmentioned
above, the inverse averaged condition numbers k3R and k1T2R follow 0 ≤ k3R, k1T2R ≤ 1.

An example can be given asw1 = 0.4,w2 = 0.6,w11 = 0.5,w12 = 0.5,w21 = 0.7,w22= 0.3, whichmeans the performance of the
3R topology weighs forty percent and the 1T2R topology contributes sixty percent to the overall objective. For the 3R topology,
workspace and kinematics performance have equal weight while workspace shows more important with seventy percent in the
1T2R topology optimization. Based on those, the best performance is found at C = 0.637, with λa = 0.3, λlmin = 1.6, and ϕ = 64°,
which is on the blue surface in Fig. 11. This shows that the workspace dominates the result. If changing weights of the workspace
to bew11 = 0.3,w12 = 0.7,w21 = 0.5,w22 = 0.5, the result will be C= 0.534, with λa =0.8, λlmin = 0.6, and ϕ=60°, which corre-
sponds to a point on the yellow surface in Fig. 11. Thus, priorities represented by the function weights can be given to the topologies
and their workspace or kinematics performance in the optimization. Then Eq. (24)will give the optimal resultwith the best combined
performance.

8. Reconfiguration strategy and mechanism design

Reconfiguration of the 3rRPSmetamorphic parallel mechanism comes from reconfiguration of its rR joint. Thus the rR joint tuning
is a key step in the configuration change between the 3R and 1T2R motion. One solution is proposed as illustrated in Fig. 12 and a
worm gear system is used for the rR joint tuning. A prototype of the rR joint is shown in Fig. 12(a) inwhich the rotation bar is attached
with thewormwheel which can be rotatedwith respect to the base ring by thewormwhich realizes the alteration of the rR joint axis
u and the axis can befixed by locking theworm control. A smallmotor can be attached to theworm in each rR joint to tune the rR joint
axis in the 3rRPS MPM as in Fig. 12(b). A home position for each limb can be defined as a configuration that the limb axis is
motor

worm gear base

platform

(a) rR joint using worm gear          (b) 3rRPS using worm gear based rR joints

rotation 
bar

base ring

joint 
link

n

u

worm 
wheel

worm

Fig. 12. Worm gear based independent rR joint tuning.
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perpendicular to the base ring plane. In this configuration, the base ring rotation axis passes by the spherical joint center in the limb
and the rR joint tuning becomes a local limb rotationwithout any effect to the platformmotion. At the same time, there is also no load
needs to be conquered by the worm gear system which only needs a small motor for the tuning motion.

Another solution is proposed as in Fig. 13 and the rR joint reconfiguration relies on a bevel gear system. Similar to the worm gear
solution, the rotation bar of the rR joint is attached to a bevel gear which can be altered by another bevel gear. In the 3rRPS MPM, a
main bevel gear is used as the input with a motor input and it controls the bevel gear of the rR joint in each limb through an interme-
diate bevel gear as in Fig. 13. In order to save energy in reconfiguring the parallel mechanism, it needs all three limbs to be in their
home positions at the same time.

It can be seen that theworm gear solution gives flexibility of controlling each rR joint independently while the bevel gear solution
tunes all three limbs in a synchronizedway. The former needs three smallmotors and the latter needs only onemotor input. The bevel
system will provide symmetrical rR joint axes in the 3rRPSMPMwhen the initial configuration are symmetrical. This might be pre-
ferred as generally symmetrical workspace and kinematics performance are used in applications. Thewormgear systemcan be select-
ed if non-symmetrical configurations are needed.

9. Conclusions

This paper introduced a reconfigurable revolute (rR) joint which qualified the new 3rRPSmetamorphic parallel mechanism to be
able to provide both 3R and 1T2Rmotion independently. Since the twomotion types shared the same parallel mechanism structure, a
unified forward kinematics solution from a 16th order polynomial in one unknown was solved analytically for both cases using the
geometric constraints from the limbs. Calay formula representing 3D rotationwas introduced to describe themobility change resulted
from the rR joints and its three Rodriguez–Hamilton parameters simplified the analysis with clear physical constraint meaning. More
than that, those three parameters also showed advantages in representing singularity loci and singularity-free workspace. A multi-
objective function including maximum singularity-free workspace and kinematics performance was used in optimization design of
the key parameters. The results showed that a trade-off between the two criteria should be made as opposite trends were shown
for the same parameter change. In addition to that, performance weights of the 3R and 1T2R topologies should be also considered
as the two shared the same mechanical parameters. This was represented by a unified objective function with variable weights.
Two examples were given to demonstrate the optimal design results with different performance priorities. The introduced new par-
allel mechanism covers the two very useful motion types 3R and 1T2R which have potential applications asmachining tools, rehabil-
itation platforms and robotic surgery instruments. Futureworkwill focus on the optimal designwithmore performance indices and a
prototype implementation.
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Appendix A

Since the 1T2R topology has one translation and two rotationmotions, the actuation Jacobian involves both linear and angular ve-
locity mappings. Thus, its singular values are not in the same unit and its condition number cannot be used directly for kinematics
performance evaluation. Following this, the approach ofmapping the platform velocity to linear velocities in somedirections at select-
ed points on the platform representing the platform mobility [51] is used. This mapping provides a uniform unit between the linear
platformpoint velocities and linear actuation limb inputs. To present themotion of the platform, linear velocities alongn= (0,0,1)T at
Please cite this article as: D. Gan, et al., Unified kinematics and optimal design of a 3rRPSmetamorphic parallel mechanismwith a
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http://dx.doi.org/10.1016/j.mechmachtheory.2015.08.005


15D. Gan et al. / Mechanism and Machine Theory xxx (2015) xxx–xxx
the three spherical joint centers A1, A2 and A3 are selected. Then these linear velocities can be expressed by the platform velocity in the
platform coordinate frame as:
Pleas
reco
vp ¼ v1 v2 v3½ �T ¼ Jp M
T SG ðA1Þ
where vi is the linear velocity along n at the selected point, Jp ¼ ½ Sn1 Sn2 Sn3 �T,M ¼


R 0
0 R

�
,Sni ¼ ½n a0

i i � n �T ; ði ¼ 1;2;3Þ, ai′ is
the vector of point Ai at which linear velocities are selected.

From Eq. (20), there is
J SG ¼ Ja
Jc


 �
SG ¼

0
0
0
l
�

1

l
�

2

l
�

3

2
66666664

3
77777775
¼ 0

l
�

a


 �
: ðA2Þ
Then
SG ¼ JT J
� �−1

JTal
�

a: ðA3Þ
Combining Eqs. (A1) and (A3), the selected linear velocities can be obtained directly from the linear actuation input
velocities:
vp ¼ JpM
T JT J
� �−1

JTa l
�

a ¼ J−1
D l

�

a ðA4Þ
where JD = (JpMT(JTJ)−1JaT)−1 is the 3 × 3 dimensional homogeneous Jacobian matrix with unified unit.
For the 3R topology, the unit of the Jacobian matrix is unified so it can be directly obtained from Eq. (20) as:
Ja3R ¼
b1 � s1 s1
b2 � s2 s2
b3 � s3 s3

2
4

3
5: ðA5Þ
The condition number of JD and Ja3R are used in the optimal design.
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